Sequence pattern avoidance is a central topic in combinatorics. A sequence s contains a sequence u if some subsequence of s can be changed into u by a one-to-one renaming of its letters. If s does not contain u, then s avoids u. A widely studied extremal function related to pattern avoidance is Ex(u, n), the maximum length of an n-letter sequence that avoids u and has every r consecutive letters pairwise distinct, where r is the number of distinct letters in u.
Introduction
Pattern avoidance in sequences is a widely applicable topic in combinatorics. The field was inititated in 1965 by Davenport and Schinzel [3] , who introduced sequences avoiding certain patterns to study linear differential equations. Specifically they introduced Davenport-Schinzel Sequences, which avoid alternations of two letters. More precisely, u 1 u 2 · · · u m is a DavenportSchinzel sequence of order s if it satisfies
• u i = u i+1 for each index i < m
• There do not exist indices 1 ≤ i 1 < · · · < i s+2 ≤ m such that u i 1 = u i 3 = · · · = a and u i 2 = u i 4 = · · · = b, for some integers a = b.
Upper bounds on the lengths of Davenport-Schinzel sequences have been used to bound the complexity of lower envelopes of sets of polynomials of limited degree [3] and the complexity of faces in arrangements of arcs with a limited number of crossings [1] .
We can define Davenport-Schinzel sequences in a more intuitive way using the idea of sequence pattern avoidance. A sequence s contains a sequence u if some subsequence of s can be changed into u by a one-to-one renaming of its letters; we say such a subsequence is isomorphic to u. If s does not contain u, then s avoids u. The sequence s is called r-sparse if any r consecutive letters in s are pairwise different. Thus Davenport Schinzel sequences of order s correspond to 2-sparse sequences which avoid an alternation abab · · · of length s + 2.
An important question in pattern avoidance is finding the maximum length of any sequence that avoids a given pattern. If u is a sequence with r distinct letters, then the extremal function Ex(u, n) is the maximum length of any r-sparse sequence with n distinct letters that avoids u. It is clear that Ex(u, n) ≥ n if u has at least one letter that occurs twice. Moreover by the pigeonhole principle, Ex(u, n) ≤ n r lr, where l denotes the length of u. Our main goal is to improve the upper bounds and lower bounds on extremal functions so that they are as close as possible.
Maximum lengths of Davenport-Schinzel sequences have been well-studied. If a and b are different letters and u = abab · · · is an alternation of length s + 2, then Ex(u, n) is exactly the maximum length of an order s Davenport Schinzel sequence. It is well-known and easy to show that Ex(a, n) = 0, Ex(ab, n) = 1, Ex(aba, n) = n and Ex(abab, n) = 2n − 1. For alternations u of greater length, Ex(u, n) is not linear in n. Nivasch [8] and Klazar [7] proved that Ex(ababa, n) ∼ 2nα(n), where α(n) is the extremely slow growing inverse Ackermann Function; we refer the reader to [8] for more information on the inverse Ackermann Function. Agarwal, Sharir, Shor [2] and Nivasch [8] proved that if u is an alternation of length 2t + 4, then Ex(u, n) = n2
Besides alternations and Davenport-Schinzel sequences, more general patterns and sequences have also been studied. A generalized Davenport-Schinzel sequence is an r-sparse sequence that does not contain a sequence u, where u has r distinct letters (and need not be an alternation). We are interested in the maximum length of a generalized Davenport-Schinzel sequence, which is precisely Ex(u, n). Fox et al. [4] and Suk et al. [9] used bounds on the lengths of generalized Davenport-Schinzel sequences to prove that kquasiplanar graphs on n vertices with no pair of edges intersecting in more than t points have at most (n log n)2 α(n) c edges, where c is a constant depending only on k and t.
General approaches to bounding Ex(u, n) for all patterns u have been found. In [7] , Klazar considered special sequences called formations in order to bound general extremal functions. An (r, s)-formation is a concatenation of s permutations of r distinct letters. Klazar [7] considered the function F r,s (n), which is the maximum length of any r-sparse sequence with n distinct letters which avoids all (r, s)-formations. The relevance of this function to the extremal function lies in the fact that Ex(u, n) ≤ F r,s (n) for any sequence u with r distinct letters and length s. This inequality is a direct consequence of the fact that every (r, s)-formation contains u. Nivasch [8] later improved this inequality to Ex(u, n) ≤ F r,s−r+1 (n), for any sequence u with r distinct letters and length s.
Much work has been done on F r,s (n). Klazar [6] proved that F r,2 (n) = O(n) and F r,3 (n) = O(n) for every r. Nivasch [8] proved that F r,4 (n) = Θ(nα(n)) for r ≥ 2. Agarwal, Sharir, Shor [2] and Nivasch [8] proved that F r,s (n) = n2
. All of these bounds on F r,s (n) imply corresponding upper bounds on Ex(u, n) by the comments mentioned in the previous paragraph.
In order to obtain the best possible bounds on extremal functions using formations, it is an important problem to find values of r and s for which we can guarantee that Ex(u, n) ≤ F r,s (n) or Ex(u, n) = O(F r,s (n)). To this end, a function called formation width was introduced in [5] . The formation width of u, fw (u), is the minimum value of s such that there exists an r for which every (r, s)-formation contains u. The formation length of u, fl (u) , is the minimum r such that every (r, f w(u))-formation contains u. The following Lemma relates f w(u) to Ex(u, n).
In view of Lemma 1, computing f w(u) for a sequence u implies an upper bound on Ex(u, n). For instance, if f w(u) ≤ 3, then applying Lemma 1 gives
, by the results on F r,2 (n) and F r,3 (n) mentioned above. Every sequence u with f w(u) ≤ 3 was identified in [5] and, as a consequence, these sequences u satisfy Ex(u, n) = O(n) as well.
In this paper, we identify every sequence u that has alternation length 5 (i.e. u contains ababa but not ababab) and formation width 4. Note that for such sequences u, we have Ex(u, n) = O(F f l(u),4 (u)) = O(nα(n)) by Lemma 1 and the bound on F r,4 (n) mentioned above. Since u contains ababa, we also have Ex(u, n) = Ω(nα(n)) by the result that Ex(ababa, n) ∼ 2nα(n) mentioned above and because of Lemma 1.1b in [6] . Thus every identified sequence of alternation length 5 and formation width 4 has a tight bound of Θ(nα(n)) on the extremal function. By using formation width, we have identified the extremal function for infinite classes of previously unidentified sequences.
The significance of this result lies in the fact that nα(n) is nearly the lowest possible order that an extremal function can have. An implication of our result is that we have also identified every sequence with alternation length 5 for which we may get tight bounds on the extremal function using only formation width and containment of the alternation.
The power of formation width lies in the fact that it is computationally feasible to directly compute formation width of small sequences. In contrast, it is almost impossible to directly compute the extremal function, as it requires mathematical proof to show that it holds for all n. In the appendix we include a shorter and faster algorithm than the one included in [5] for computing formation width. Thus, our main theorem and our more efficient algorithm highlight the efficacy of formation width for deriving sharp bounds on extremal functions when there are already matching lower bounds.
In Section 2, we prove preliminary results. In Section 3, we identify the sequences with formation width 4, alternation length 5, and n distinct letters for n ≥ 6, and we prove that all of these sequences have formation width 4 in Section 3.1. In Section 3.2, we prove that the sequences from Section 3 are the only sequences with formation width 4, alternation length 5, and n distinct letters for n ≥ 6. In the appendix, we show the code we used to generate the list of sequences for n ≤ 6.
Preliminary results
In this section, we make observations about all sequences u which have formation width 4 and alternation length 5. These observations will be useful in the proof of our main result.
Let u ′ be a sequence obtained by deleting a letter that occurs only once in a sequence u with at least two distinct letters. Then f w(u) = f w(u ′ ) by Corollary 13 in [5] and u has alternation length 5 if and only if u ′ does as well. Thus we will only consider those sequences u for which each letter occurs at least twice (we call such a sequence reduced ), since all other sequences are obtained by adding a finite number of letters, each occuring once, to a reduced sequence.
Furthermore, if a letter occurs at least 4 times in a reduced sequence u with at least two distinct letters, then u has a subsequence u ′ on 2 letters with length 6. Note that f w(u) ≥ f w(u ′ ) = 5, where the equality follows from Lemma 17 in [5] . Also, if there are two letters x and y that both occur 3 times in u, then the occurences of x and y in u alone form a subsequence u ′ such that f w(u) ≥ f w(u ′ ) = 5 by Lemma 17 in [5] . Thus if u is an n-letter reduced sequence such that f w(u) = 4 and u contains ababa, then u must have exactly one letter occuring 3 times and all other letters occuring twice.
The following lemma is a more complex observation about reduced sequences with formation width 4 and alternation length 5.
Lemma 2. If u is a reduced sequence on n letters that has a formation width of 4 and an alternation length of 5, then either the first n letters or the last n letters of u must be pairwise distinct.
Proof. We proceed by induction on n. We used the Python algorithm in the appendix to verify that the lemma is true for all n ≤ 6. Suppose for some n ≥ 7 that every reduced sequence with n − 1 distinct letters, formation width 4, and alternation length 5 always has the first n − 1 letters or the last n − 1 letters pairwise distinct. Then we prove that that every reduced sequence with n distinct letters, formation width 4, and alternation length 5 always has the first n letters or the last n letters pairwise distinct.
Assume for contradiction that there exists an n letter sequence v such that f w(v) = 4, v contains ababa, and both the first and last n letters of v have at least two occurences of a letter. Let the copy of ababa in v be represented by the letters x and y, i.e. v has a subsequence xyxyx. Note that this implies all letters except x occur exactly twice in v.
If v has a letter besides x or y that occurs once in the first n letters and once in the last n letters, then delete this letter to get a sequence v ′ that contradicts the inductive hypothesis. Thus, we may assume that all letters other than x and y occur either twice in the first n letters, twice in the last n letters, or in the middle and somewhere else. We consider several cases based on the position of the subsequence xyxyx in v. Case 1: x or y is the middle letter of v.
Case 1A: The first or third x is the middle letter of v. Since the first n and last n letters both have a letter occuring twice, v has ccxyxyx or xyxyxcc as a subsequence, for some letter c. But f w(v) ≥ f w(ccxyxyx) = f w(xyxyxcc) = f w(xyxyx) + 1 = 5 by Lemma 5 and Corollary 13 in [5] , contradicting the assumption that f w(v) = 4.
Case 1B: The second x is the middle letter of v. Then all letters besides x or y must occur twice in the first n or twice in the last n letters. In the first n letters, delete two occurences of any letter other than x and y to get a new sequence v ′ on n − 1 letters. In v ′ , x occurs twice in the first n − 1 letters and some letter c occurs twice in the last n − 1 letters, where c is a letter other than x, y, or the middle letter of v ′ . Therefore v ′ contradicts the inductive hypothesis.
Case 1C: y is the middle letter of v. Without loss of generality, assume that the first y is the middle letter of v. Then delete both occurences of a letter besides x in the first n letters of v to obtain v ′ . Then both the first n − 1 letters and the last n − 1 letters of v ′ have two occurrences of a letter besides x or y, which contradicts the inductive hypothesis. Case 2: Neither x nor y is the middle letter of v.
Let t be the middle letter. Case 2A: xyxyx is a subsequence of the first n letters or the last n letters of v. This is a contradiction for the same reason as Case 1A.
Case 2B: xyxy is a subsequence of the first n letters and x occurs in the last n letters of v. Let v ′ be a sequence obtained by deleting a letter besides x, y, or t that occurs twice in the last n letters. Then the first n − 1 letters of v ′ have two occurrences of x and the last n − 1 letters of v ′ must have another letter occuring twice, contradicting the inductive hypothesis.
Case 2C: xyx is a subsequence of the first n letters and yx is a subsequence of the last n letters of v. Let v ′ be a sequence obtained by deleting a letter besides x, y, or t that occurs twice in the last n letters. Then the first n − 1 letters of v ′ have two occurrences of a letter other than x, y, or t, as do the last n − 1 letters of v ′ . Thus v ′ contradicts the inductive hypothesis.
We have shown that every case leads to a contradiction. Thus, our induction is complete.
Given Lemma 2, when we identify the sequences u with n distinct letters for which f w(u) = 4 and u contains ababa, we will only consider the sequences u where the first n letters are all distinct; the sequences in which the last n letters are distinct can be obtained by reversing a sequence in which the first n letters are distinct. We conclude this section with a final observation, also proved by induction. Proof. We prove the claim by induction. For the case n = 6, see the list in the appendix. For the inductive hypothesis, assume that for some n ≥ 7 the middle letter is the same as the first or second letter in all (n − 1)-letter sequences u, of formation width 4 and alternation length 5, such that the first n − 1 letters of u are distinct. We prove the same is true when n − 1 is replaced by n.
Suppose for contradiction that there exists a sequence v on n distinct letters such that the first n letters of v are distinct, f w(v) = 4, v has a subsequence xyxyx, and v has a middle letter t that is not the same as the first or second letters of v. Then let v ′ be the sequence obtained by deleting the two occurences of some letter other than x, y, t, the first, or the second letter of v. The deleted letter had to occur both in the first n and the last n letters of v, so v ′ still has a middle letter that is not its first or second letter. Thus v ′ contradicts the inductive hypothesis. Therefore our induction is complete.
Proof of Main Theorem
In this section, we state and prove our main theorem. Throughout the rest of the paper, we number the letters of sequences 1, 2, . . . in order of their first occurrence in the sequence.
Theorem 4. Up to reversal and adding a finite number of distinct letters that each occur once, every sequence that has formation width 4 and alternation length 5 must be isomorphic to one of the following sequences:
• 12121
• 1233121
• 123412134
• 123441213
• 123413214
• 123431243
• 123421432
• 123431214
• 123432143
• 123412143 Clearly all of the above sequences have alternation length 5. In 3.1, we first prove that each of these sequences has formation width 4, and in 3.2, we show that these are indeed the only reduced sequences (up to isomorphism and reversal) that have alternation length 5 and formation width 4.
Proof that the sequences have formation width 4
Using the code for formation width in the appendix, we have verified that every sequence in Theorem 4 with 6 or fewer letters indeed has formation width 4. Thus, we just focus on showing that the general classes listed in Theorem 4 always have formation width 4.
For every sequence u in Theorem 4, we have f w(u) ≥ f w(ababa) = 4. Thus we just have to show that f w(u) ≤ 4. Call a formation binary if each of its permutations is the same or the reverse of the first. The following result about binary formations was proved in [5] .
Lemma 6. If u has r distinct letters, then every binary (r, s)-formation contains u if and only if s ≥ f w(u).
In view of Lemma 6, to show the sequences above have formation width at most 4, it suffices to show that each of them are contained in every binary (n, 4)-formation. Let the first permutation of every formation be p, and let its reverse bep. In our proofs, we just have to show that all 8 possibilities for the binary formation (i.e. pppp, pppp, pppp, pppp, pppp, pppp, pppp, pppp) contain u. In each case, we show that we can number the letters of p on 1, 2, ..., n in some way so that the formation has u as a subsequence.
Lemma 28 in [5] Thus we have shown all sequences in Theorem 4 indeed have formation width 4 (and alternation length 5). In the next section, we prove that these are the only such sequences with formation width 4 and alternation length 5.
3.2 Proof that the sequences are the only sequences with formation width 4 and alternation length 5
In this section we will show that the sequences u from Section 3 are the only reduced sequences up to isomorphism and reversal such that f w(u) = 4 and u contains ababa. By the list in the appendix, we have verified that Theorem 4 contains all sequences on at most 6 letters that have formation width 4 and alternation length 5. Thus we just need to show that all sequences with at least 6 letters that have formation width 4 and alternation length 5 must be equivalent to one of the general classes in Theorem 4. In order to do this, we will split the proof into cases for all possible sequences u. By the observations in Section 2, we may suppose that u is reduced, f w(u) = 4, u contains ababa, and the first n letters of u are 1 . . . n. We first identify every sequence u that ends in i for i = 3, . . . , n − 1. Next we identify every sequence u that ends in n. This leaves only the sequences u that end in 1 or 2.
The sequences that end in 1 and have middle letter 1 were identified in [5] . We show that every sequence u ending in 1 with middle letter 2 has second to last letter 2 or n, and then we identify all such sequences.
Next we identify every sequence u ending in 2 with middle letter 2. Then we show that if u has middle letter 1 and last letter 2, then the letter to the right of the middle of u must be 2 or 3, and we identify all such sequences. This covers every possible case by Lemmas 2 and 3.
Each of the following lemmas either categorizes the sequences u or narrows the possibilities for such sequences. We will prove each lemma by induction, using the list of sequences of length 6 in the appendix for the base case (n = 6 letters).
In the proofs of each of the following lemmas that identify a specific sequence, we suppose for contradiction that n is minimal so that there exists a sequence u with n > 6 letters that does not have the form of the sequence v identified in the lemma statement. For each such u and v, define z and j to be the letters in u and v respectively in the first location where u and v have different letters. This means the letters before z in u must agree with the letters before j in v.
For each lemma, the inductive hypothesis is that the lemma is true for the case when u has n − 1 distinct letters. Moreover, without loss of generality suppose that u has the subsequence xyxyx. This means that x occurs 3 times and all other letters occur 2 times in u. Proof. Suppose that u has n > 6 letters and u is not of the form 1 . . . n1 . . . ni. We may delete both occurrences of any letter besides 1, 2, x, y, z, i, j, n to obtain a sequence that contradicts the inductive hypothesis. Since n may be as low as 7, we will show that some of these letters are the same.
First, we will show by another induction that i = x. The case n = 6 follows from the list of sequences in the appendix. If u is a sequence with n > 6 distinct letters such that i = x, then we may delete both occurrences of any letter not equal to 1, 2, x, y, i, n to contradict the inductive hypothesis.
If i = n−1, then x = n−1. Since u contains xyxyx and n is the only letter besides x that appears twice after the first n − 1 letters, y = n. Since x = i = n − 1 and y = n, we may delete any letter besides 1, 2, x, y, j, z. Otherwise 3 ≤ i ≤ n − 2, and since x = i, we may delete any letter besides 1, 2, x, y, j, z. Both of the resulting sequences contradict the inductive hypothesis.
Next we categorize all sequences that end in n. Proof. Suppose that u has n > 6 letters and u is not of the form 1 . . . n1 . . . (n− 1)in. Then we may delete any letter that is not n, n − 1, j, z, x, y to get a sequence that contradicts the inductive hypothesis.
All that remains is to categorize all sequences satisfying the conditions and ending with 1 or 2. In the next four lemmas, we first categorize all sequences ending with 1. Note that the first of the next four lemmas follows directly from Lemmas 28 and 31 in [5] . Proof. The list of sequences in the appendix shows that this lemma is true for n = 6. Suppose that u has n > 6 letters and has second to last letter t which is not 2 or n. Then we can delete any letter not 1, 2, x, y, n, t to contradict the inductive hypothesis.
Lemma 18. If u has last letter 1, middle letter 2, and second to last letter 2, then u = 1 . . . n2 . . . n21.
Proof. The case n = 6 can be verified with the list in the appendix. Suppose that u has n > 6 letters and u is not of the form 1 . . . n2 . . . n21. Since x = 2, we can delete any letter not 1, j, z, x, y to get a contradiction.
Lemma 19. If u has last letter 1, middle letter 2, and second to last letter n, then u = 1 . . . n213 . . . n1.
Proof. The case n = 6 can be verified with the list in the appendix. Suppose that u has n > 6 letters and u is not of the form 1 . . . n213 . . . n1. Then we can delete any letter not 1, 2, j, z, x, y, n to contradict the inductive hypothesis. Since n can be as low as 7, it will suffice to show that two of these letters are the same.
We show by induction that x = 1, i.e. 1 must occur 3 times in u. The case of n = 6 is true from the list in the appendix. If u is a sequence with n > 6 distinct letters such that x = 1, then we may delete a letter not equal to 1, 2, n, x, y to get a contradiction. Now we classify the sequences ending in 2.
Lemma 20. If u has last and middle letter 2, then u = 1 . . . n213 . . . n2.
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